Let M be a complete Riemannian manifold and N a complete noncompact Riemannian manifold. Let φ : M → N be a surjective harmonic morphism. We prove that if N admits a subharmonic function with finite Dirichlet integral which is not harmonic, and φ has finite energy, then φ is a constant map. Similarly, if f is a subharmonic function on N which is not harmonic and such that |df | is bounded, and if M |dφ| < ∞, then φ is a constant map. We also show that if N m (m ≥ 3) has at least two ends of infinite volume satisfying the Sobolev inequality or positivity of the first eigenvalue of the Laplacian, then there are no nonconstant surjective harmonic morphisms with finite energy. For p-harmonic morphisms, similar results hold.
Introduction
Let (M n ,g) and (N m ,h) be complete Riemannian manifolds of dimension n and m, respectively, and let φ : M → N be a C 1 map. For a compact domain D ⊂ M, the energy E of φ over D is defined by
On the other hand, using the fact that the composition of a harmonic map and a convex function is subharmonic, Gordon proved [9] that every harmonic map from a compact Riemannian manifold to a Riemannian manifold which admits a strictly convex function is a constant map.
In [13] , Kawai showed that if M is a complete noncompact Riemannian manifold and N is a Riemannian manifold having a C 2 strictly convex function f : N → R such that the uniform norm |df | is bounded, then every harmonic map φ : M → N with
is a constant map.
In this paper, we consider harmonic morphisms between Riemannian manifolds and will prove similar results of Liouville type as mentioned above. The notion of harmonic morphism is stronger than harmonic map. In fact, it is known that every harmonic morphism is a harmonic map. Thus, it could be possible to replace the existence of a convex function by a weaker condition. Let M be a complete Riemannian manifold and let N be a complete noncompact Riemannian manifold admitting a subharmonic function f , but not harmonic (e.g., a strictly convex function). Let φ : M → N be a surjective harmonic morphism. If either |df | is bounded and M |dφ| < ∞, or |df | is an L 2 function and φ has finite energy, then φ is a constant map. As a corollary, if φ : M → N is a surjective harmonic morphism and N is a simply connected Riemannian manifold of nonpositive sectional curvature, and if φ has finite energy or M |dφ| < ∞, then φ is a constant map. In case M |dφ| < ∞, the result is, in fact, due to Kawai [13] .
On the other hand, any noncompact Riemannian manifold having at least two ends of infinite volume satisfying the Sobolev inequality or the positivity of the first eigenvalue of Laplacian admits a nonconstant bounded harmonic function with finite Dirichlet integral. Thus applying our main result to this, there are no nonconstant surjective harmonic morphisms from a Riemannian manifold onto such a manifold with at least two ends of infinite volume. In our results, we would like to remark that there is no kind of curvature conditions on M comparing with other results or the main result in [5] . In [5] , the authors proved that if M is a complete Riemannian manifold with nonnegative Ricci curvature and N is a complete Riemannian manifold with nonpositive scalar curvature, and if φ : M → N is a harmonic morphism with finite energy, then φ is a constant map. [8, 12] that a smooth map φ : (M,g) → (N,h) between Riemannian manifolds is a harmonic morphism if and only if it is harmonic and horizontally weakly conformal. It is also well known that if dim(M) < dim(N), then every harmonic morphism must be constant. Moreover, since any harmonic morphism is an open map, every harmonic morphism from a compact manifold into a noncompact manifold is a constant map.
Harmonic morphism and subharmonic functions
We start with the following simple formula. 
Proof. Let λ be the dilation of φ and let {e i } n i=1 be a local orthonormal frame which is normal at some point. If dim(M) = n < m = dim(N), then φ is a constant and so (2.2) is obviously true. Thus, we may assume that n ≥ m and dφ(e j ) = 0 for j ≥ m + 1. Note that it follows from (2.1) that {E i = (1/λ)dφ(e i )} is an orthonormal frame on N where λ = 0 and
Recall that the set C φ at which λ vanishes is discrete. One can compute (cf. [13] )
Also it is easy to see from (2.3) that
Substituting (2.5) into (2.4), one obtains (2.2). 
Then f is harmonic.
Proof. Fix a point p of M and for r > 0 choose a cut-off function η with the following property:
where B p (r) is the geodesic ball of radius r, centered at p. Using Lemma 2.1 together with harmonicity δdφ = 0, one obtains
In case (i), applying the Hölder inequality to (2.7),
In both cases, letting r → ∞, one obtains from subharmonicity
Since φ is nonconstant and the points at which dφ = 0 are discrete, Proof. If M is compact, then any harmonic morphism φ : M → N is constant since φ is an open map and N is noncompact. In case M is noncompact, the theorem follows from Proposition 2.2.
The existence of subharmonic functions is a much weaker condition than the existence of harmonic functions or convex functions. Proposition 2.2 shows that the existence or nonexistence of nonconstant surjective harmonic morphisms with finite energy depends on the topology of manifolds rather than the curvature conditions. Proof. In case M is compact, it is obvious and so we may assume that M is noncompact. By Proposition 2.2, it suffices to show that N has a strictly convex function f whose |df | is bounded or a subharmonic function f with finite energy, N |df | 2 < ∞, and ∆ f > 0 near a point. Since N is simply connected and has nonpositive sectional curvature, it is well known that there exists a strictly convex function f whose |df | is bounded [2, 13] . In particular f is not harmonic. Thus the proof follows directly from Proposition 2.2.
For the second case, fix a point p ∈ N and consider the distance function ρ(x) = dist(p,x). It is well known that ρ is a convex function and smooth on N − {p}. Now for positive real numbers α > 0, and β > 0 with α + β < 1, choose an increasing
Then it is easy to see that
and so f is a nonconstant subharmonic function. In particular, ∆ f > 0 near p and Proof. It follows from [3] that there is a nonconstant bounded harmonic function f on N with N |df | 2 < ∞. From boundedness we may assume f ≥ 1 by adding some positive constant if necessary. Define u = −log f so that
Thus u is a subharmonic function and
Moreover, since f is not constant, u is not harmonic. Consequently, it follows from Proposition 2.2 that there exist no nonconstant surjective harmonic morphisms φ : M → N with M |dφ| 2 < ∞. 
p-harmonic morphisms
We call a 2-harmonic map just a harmonic map. Note that the notion of p-harmonic map is a parallel generalization of harmonic map and some Liouville-type theorems for p-harmonic maps are known. For example, Takeuchi [18] proved that if φ : M → N is a p-harmonic map from a complete noncompact Riemannian manifold M of nonnegative Ricci curvature into a Riemannian manifold N of nonpositive sectional curvature such that E 2p−2 (φ) < ∞, then φ is a constant map. And Nakauchi [15] showed that if E p (φ) < ∞ with the same curvature conditions, then φ is constant. In [13] , Kawai showed that if M is a complete noncompact Riemannian manifold and N is a Riemannian manifold having a C 2 strictly convex function f : N → R such that |df | is bounded, then every p-harmonic map φ : M → N with
is a constant map. Note that any harmonic map or harmonic morphism is necessarily smooth because of the existence of harmonic coordinates (cf. [10] ). However when p = 2, the degenerate ellipticity of (3.2) gives only C 1,α -regularity even for minimizers of penergy functional (3.1).
In [14] , Loubeau characterized the p-harmonic morphisms as follows.
Theorem 3.2. A map φ : M → N is called a p-harmonic morphism if and only if it is a horizontally weakly conformal and p-harmonic map.
In [6] , the authors proved that if M is a complete noncompact Riemannian manifold of nonnegative Ricci curvature and N is a Riemannian manifold of nonpositive scalar curvature, then any p-harmonic morphism of class C 1 loc such that E p (φ) < ∞ or E 2p−2 (φ) < ∞ must be a constant.
In this section, using a similar identity as in Lemma 2.1, we will show that for pharmonic morphisms, similar results as in Section 2 hold. 
Proof. Let λ be the dilation of φ and let
be an orthonormal frame which is normal at some point. We may assume that n ≥ m and dφ(e j ) = 0 for j ≥ m + 1. Then 5) and note that it follows from (2.1) that {E i = (1/λ)dφ(e i )} is an orthonormal frame on N where λ = 0. Recall that the set C φ at which λ vanishes is discrete. One can compute (cf. [13] )
Since from (3.5)
identity (3.4) follows from (3.6) and (3.7). 
Proof. First of all, note that we may assume φ is of class C 3 loc from [7, 16] . It follows from Lemma 3.3, subharmonicity, and the proof of Proposition 2.2 that 8) and so f is harmonic on N. 
Proof. The proof follows from the proofs of Theorem 3.6 and Proposition 3.4. 
Then there exist no nonconstant surjective p-harmonic morphisms
Proof. The proof is similar as that of Theorem 2.5.
Journal of Applied Mathematics and Decision Sciences

Special Issue on Intelligent Computational Methods for Financial Engineering
Call for Papers
As a multidisciplinary field, financial engineering is becoming increasingly important in today's economic and financial world, especially in areas such as portfolio management, asset valuation and prediction, fraud detection, and credit risk management. For example, in a credit risk context, the recently approved Basel II guidelines advise financial institutions to build comprehensible credit risk models in order to optimize their capital allocation policy. Computational methods are being intensively studied and applied to improve the quality of the financial decisions that need to be made. Until now, computational methods and models are central to the analysis of economic and financial decisions.
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